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Abstract

The time operators corresponding to the whole Dirac and Klein-Gordon fields and the
expressions of the time imprecisions associated to the pairs annihilation and subse-
quent production processes have been evaluated. In these conditions there exists the
possibility of assuming the existence of a threshold behaviour of the above processes.
Certain peculiarities of the threshold behaviour obtained in this way are related with
certain results obtained by virtue of the imprecision description of the coulombian inter-
action. Finally, the meaning and role of the electromagnetic natural space unit is also
discussed.

1. Introduction

In line with previous papers (Papp, 1973a, b), we have to consider that the
quanto-mechanical description of time measurements implies the existence of
a binary entity whose imaginary part expresses, in a ‘natural’ way (Bohm er al.,
1970), the objective imprecision bound of the measurements performed. This
binary entity expresses, in fact, the extension of the usual hermitic observable
in the conditions of which the presence and role of the measuring apparatus
are considered. As a consequence, the possibility exists of defining certain
high-energy structural effects implied by the existence of natural space and
time units as lower bounds of the corresponding imprecisions (Papp, 1973a).

There also exists the possibility of introducing into the mathematical formal-
ism of quantum mechanics, or of quantum field theory, certain parameters
possessing—directly or indirectly—the meaning of discrete-space or discrete-
time quanta. In this sense non-local field theory, the non-definite metric
method, the Lagrangians with higher derivatives, and non-linear field theory
(see, e.g., Vialtzew, 1965) are mutually correlated methods which imply or
support, in one way or another, the existence of a discrete space. When per-
forming the binary space-time description within quantum theories implying
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or supporting the existence of a discrete space-time, agreement between the
existence of discrete space-time quanta and the existence of the space-time
imprecisions is needed. In these conditions results may be obtained which
express peculiarities of a unified quanto-mechanical description of both space-
time and matter.

Continuing the imprecision description in previous papers (Papp, 1973a,
b), the time operators of the Dirac (D) and Klein-Gordon (K-G) fields are
evaluated in Section 2. The behaviour of the above operators under time-
inversion is analysed in Section 3. Section 4 defines the proper-time operators
of the D and K~G fields. The meaning and form of the time- and proper-time
imprecisions is discussed in Section 5. In these conditions one proves the exist-
ence of a time-imprecision contribution associated with the pairs annihilation
process. The threshold velocities implied by the existence of the above time-
and proper-time imprecisions are also calculated. Section 6 considers resonance-
emission approximation of the so-implied high-energy particle production
processes. Explanations of certain particle production processes are proposed.

In close connection with the above results the quanto-mechanical peculiari-
ties of the coulombian interaction are analysed in Section 7. A particular con-
nection between the threshold behaviour implied by the time-imprecision
description and the threshold behaviour implied by the imprecision description
of the electrostatic potential energy may be established. In this respect the
existence of a certain effective discrete-space structure is needed. Finally, the
definition of the natural ‘electromagnetic’ space unit is accomplished in
Section 8.

Throughout this paper the collision processes between the charged particle
and the charged anti-particle are considered in the centre-of-mass system. We
shall assume that the particle and the corresponding anti-particle possess the
same rest-mass. The interaction representation is also used.

2. Time Operators of the D and K-G Fields

We shall define the time operator corresponding to the D field of the free
evolution along the axis Ox, and to a given value of the spin by the relation

T = [ dx g P, e 9P, 0 @
where

VPG, )= m | dp, J (’f——) (61, u(p1, 5) exp ipx

+d*(py, s)(p1, s) exp (—ipx)] (2:2)

represents the whole operator of the D-field operator, px = p x| — pot,
Pos

Po = (p1% +mo?)¥? and where, as previously (Papp, 1973b), 7" expresses
the inverse-velocity operator.
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Using the spinorial relations

w*(p, (1, $) = 0@, S Wpy, 5) = —f;— 8ys (2.3)
”*(—Ph S’)"(P 1 S) = U*(—Pla SI)”(P 1> S) =0 (2-4)
v*(py, s )—v(pl, 5)= u*(pl,s) —-u(py >~———6s's (2.5)

*(“Ph s ) U(Pb 5)= *(_Pb s ) u(ph §)= (2-6)

where the relations (2.5)—(2.6) maintain theirs form only in the one-dimensional
case, one obtains

700 = T — TOW +T9 1P @)

as soon as the D-field prodﬁction and annihilation operators obey, in the weak
sense, the boundary conditions

lim pib(p,,s)=0, lim b(py,s)=0 (2.8)
p,~>0 pee
lim p7Y?d(p,,5)=0, lim d(py,5)=0 (2.9)
pl—>() pl—-—>oo

In these conditions

i mo

T8) = fdplb*(pl,s) [lp——a—+t }b(pl,s) (2.10)

expresses the binary time operator of the D particles,
(A = | & :Po _a_.. 11
700 = [ dpra*pu.s) [’pl - p1+r] a1, s) @11)

expresses the binary time-operator of the D anti-particles, and

(S)" f dpl

represents a time-imprecision operator whose meaning will be subsequently
analysed. We may thus conclude that by virtue of relations (2.5)-(2.6), the
time operator of the D field (corresponding to an arbitrary direction) may be
adequately defined only in the one-dimensional case.

Defining similarly the time operator of the one-dimensional K-G field by
the relation

b*(Pl, $)d*(—ps, ) (2.12)

<>
T(0)=1 [ dei@¥(xs, 02,070, 0 2.13)
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where
0, 5= )" | —E fa(py) exp ipx + 05(py) exp ()] (214)
V(2po)
expresses the field operator of the whole K-G field, one obtains
TAO=T0) - T+ 1 - I¥ (2.15)
where
0= [ dpia*@) [i@iu_ i—n%g-}a(pl) (2.16)
p1 9py P1Po
and

)= jdplb*(pl) {1—%"{'?} b(py) (2.17)

represent the previously defined time operator of the K-G particle field and
the time operator of the K-G anti-particle field, respectively, and where

. 1
fi=i [ -a@ob*(-p) (2.18)
0

expresses a certain time-imprecision operator. In agreement with the general
requirements to perform, along an arbitrary direction a consistent field-
theoretical time description (Papp, 1973b), we have restricted ourself to the
one-dimensional case. It has been assumed that the boundary conditions
needed are fulfilled.

3. Behaviour of the Time Operators under Time-Inversion

In agreement with the usual resuits (Bjorken & Drell, 1965) the annihilation
operators b(p, s) and d(p, s) transform under time-inversion as

U b(p, YU " = —b(—p, —5) exp ia(p, 5) @G
Ud(p, YU " = —d(—p, —s) exp [—ia_(p, 5)] 3.2)

where % expresses the unitary operator of the time-inversion and where
a(p, s) and a_(p, 5) are phase functions corresponding to the particle and
anti-particle respectively.

But it may be proved that
Tu(p, +s) = exp icei{p, S)u*(—p, Fs) = Fu*(—p, Fs) (33)
Tu(p, £s) = exp fa_(p, sp*(—p, Fs) = Tv*(~p, ¥s) 34)

where T'= iv,7; is the quanto-mechanical operator of the time-inversion opera-
tion. Changing the sign of the momentum p, relations (3.3) and (3.4) remain
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valid. As a consequence we may neglect the momentum dependence of the
a. and «. phase functions. In these conditions we have

S0 =10, JTROF =T ()
FIOg=—I00, JIPngt= IO (-6)

so that the behaviour of the whole time operator under time-inversion is given
by

ST =T (3.7

where ¢ =% and where " expresses the complex conjugation operator of
the c-numbers. According to relations (3.3) and (3.4) the equality

exp ifads) T a(s)] =1 (3.8)

has been used. The sign changes of the spin variable and time operator so
implied agree with the usual peculiarities of the time-inversion operation. In
this respect relations (3.5)~(3.7) may also be considered as testifying relations
of any time operator associated with a free field. If we consider the existence
of a momentum dependence of the ay and «_ phase functions, like relations
(3.1) and (3.2), the appearance under time-inversion of certain additional
time-shift contributions would be implied. Thus

ITO0F 7 =-T 00~ 3 [dob*p (01, s) —-a+(p1,s)

- 3 a0 901,92 01 (3.9)

where 700 =790 + 7 9.
Commencing with relations
Ualp )W ™" = a(—py) (3.10)
Ubp )~ = b(—p1) (3.11)

which define the time-inversion operation of the free K~G field, it may be
proved—excluding the presence of the spin—that the behaviour of the K-G
time-operator under time-inversion is similar to that of the D field.

4. Proper-Time Operators of the D and K-G Fields

The proper-time operator of the K-G field corresponding to the quanto-
mechanical proper time

= Xy PuBubn) 2 (4.1)
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where p,, = —i(3/dx,,), which is identical, up to the sign, with the one previ-
ously used (Papp, 1972), may be defined as

Pa() =i f AxBH(x, )3,§5(x, 1) “.2)

where the three-dimensional case has been considered. Performing the calcula-
tions it results

F3(0)=85() - Ss(O) + Is — Iy (4.3)
where
9 t 5i
S5 = | dpa*(p)|i——.——mg—+-— 4.4
(6= [ dpa (p)[z 350 m]a(p) (44)
is the proper-time operator of the K-G particle field,
0 t
S3(r dpb* —— o—*+—1h 4.5
S0 = | dp (p)l:zm . zmol ® @9

is the proper-time operator of the K-G anti-particle field, and where

I, = ——2; f dpa*(—p)o*(@) 4.6)

expresses a certain proper-time imprecision operator. In order to obtain the
above results the use of the boundary condition referring to the vanishing of
the creation and annihilation operators at the origin is not implied. The calcu-
lations may be similarly performed in the two- and one-dimensional cases. It
may be proved that under time-inversion

SO =—Ff-D,  j=1,23 “.7)

and this behaviour agrees with that obtained for the time operators.

In contrast to the above results, the definition of the D field proper-time
operator needs wider discussion. In this sense, if we try to define, irrespective
of the spin-value, the proper-time operator of the three-dimensional D field as

SO0 = | axypPex, D590x, 9 (48)
there would arise, as a consequence of the relations
v¥(—p. — —ulp, s} =+~ 4.9
(—p, —)p - 5 2 u(pr5)= 2p (4.9)
u*(=p, ~)p . 3 (p, 5= (4.10)

interference contributions in respect of the spin vanable. Consequently, the
proper-time operator, corresponding to a well-defined spin value, cannot gen-
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erally be defined in the three-dimensional case. Performing the calculations in
the two-dimensional case, when

' 0 14 —
w5 o) =——‘2pop 2 5 (4.11)
: d P1tip,
*(—p,5)p . — SRR ¥ .
v¥( p,S)p apu(P:S) 2o s's 4.12)

and using the relations

N, 0 N, 0 p’
u*p,s)p. —u(p,s)=v¥p, s )p. —v(p,s)=—— 6y 4.13)
(ppap(p) PSP g v )= By (
which are valid irrespective of the dimension, one obtains
Mo 2i

0 P2 0
Ne)= | dp,dp,b* 'Ei“—+'——~—t-—+—— b
y%() f p1dpsb (Phlhﬁ)[lmoapl lm03p2 o Mo (1, p2,9)

. b} 0
- f dpdp.d*(py, pa, 8) 2L 2 P2 0 T d(py, p2,s)
Mo 0p; Mg 0Pz Po

. Pi—1Ip
+i [ dpap, 12p 2 d(=p1, ~D2, )b(p1, P2, 5)
o :
. pitip
—1 J‘ dpldp'l 12p 22 b*(_ph —P2» S)d*(pl: P2, S) (4'14)
1)

where a well-defined value of the spin has been considered. Consequently

FF90 g7 =-F590+2 [ dpsdp. 2;% d(~p1, —p2, b1, P2, —5)

+2 f dp1dp, —25% b¥(=py, —p2, —8)d*(p1, P2, —s)  (4.15)
0

so that the two-dimensional proper-time operator rigorously fulfills the require-
ments needed by the time-inversion only in the one-dimensional case, or approxi-
mately in the two-dimensional case when the presence of the last two terms in
expression (4.15) may be neglected. In this respect there arises a certain
difference between the proper-time operators of the D and K-G fields.

5. Time-Imprecision Contributions of the Time and Proper-Time Operators

In order to obtain the time imprecisions let us define the free particle-anti-
particle states of the D and K-G fields as

[+, — )= f dpdp2f(p, S)f(pzs $)b*(p1, $)d*(pa, s)0 (5.1

10
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and

I+, )= | dp1dp(p )&lp ) (p )b*(p2)|0) 52)

respectively. The functions f(py, s) and g(py) denote, in the momentum repre-
sentation, the particle amplitudes, whereas f{py, s) and g(p,) are the anti-
particle amplitudes.

In the coordinate representation the particle amplitudes take the form

VO, 14,5)= @my 2 [ dp, J (’;%) u@s, fpns) expipy (5.3)

oDes, )= 2 | dp, £(p) exp ipx (5.4)

1
V(2po)

The anti-particle amplitudes are given by

W(+)(x1, t,8)= (277)_1/2 f dpl,\/( ?) u(p, S)f(Pb 5) exp ipx (5.5)

and

T )= @n) " [ oy o o) exp ipx 56)

(2po)
respectively. We shall consider that the particle amplitudes f(py, 5) and g(p1)
take appreciable values only around a certain positive momentum average
P

The one d1mens1onal free D equation gossesses besides the positive energy
solution ¥™(xy, £, 5), the solution o y®*(x,, —1, 5) obtained by time«mversmn
In these conditions we may consider that the anti-particle amplitude ¢ (x,,t 5)
has to be defined by the above-mentioned time-reversed solution:

w(*-)(xl’ t, S) = 70 ll/(d*-)*(xl: ~lLy S) (57)
so that

f(l?l, §) = f*(=p1, 5) (5.8

In respect of the pamcle-antl-parucle elas’ac colhswn processes we may
consider that the functions ¢/(* (x 1 5, 8) and g (x 1, 4, §) describe, in the centre-
of-mass system, the incoming (¢ < 0) evolution of the free particle and anti-
particle respectively. Assuming that the particle-anti-particle interaction is
described by a S-matrix, or by an interaction Hamiltonian, which is invariant
under time-inversion, it may be proved that relation (5.8) also maintains its
validity in respect with the outgoing (¢ > 0) states. Indeed, denoting with

Youte 7, s) and P (xy, 7, 5) the outgoing particle and anti-particle
amplitude, respectively, the equality

$(+)0ut(x17 , S) =%Yo ¢(+)OUt*(x17 -, S) (59)
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becomes

FUt(ph S) = f(pl: S) exp Zlﬁ(pl) = fout*(“pla S) (510)

where—in agreement with the usual results of collision theory—the phase-shift
8(py) is an odd function in respect to the momentum and where f°"(p,, 5)
and f°™(p, 5) are the particle and anti-particle amplitudes in the momentum
representation, respectively. Thus, up to the phase factor exp 2i8{p;), equali-
ties (5.8) and (5.10) are identical. As one would expect, the anti-particle
amplitude may be also obtained by the charge-conjugation transformation

POy, 1, 9) = Cro¥ I *(xp, 1,5),  C=ivavo (5.11)

of the negative energy solution

¥, 1,9 = m " [ dpy J (’;3-) o(ps, 5)P(1,5) exp (~ipx)  (5.12)

In the case of the free K-G field we may similarly define the anti-particle
amplitude 3(x,, 7) by the time-reversed particle amplitude o *(x,, —£),
thus obtaining the result

1) =g*(-p1) (5.13)

As for the D field, this equality may be attributed to both the incoming or
outgoing evolutions, corresponding to the elastic particle~anti-particle collision
process. We are now able to evaluate the time imprecisions of the D and K-G
fields. The averages so obtained will be evaluated in respect to the particle
amplitudes.

First, there exists the imprecisions of the time measurements performed on
the free evoluting particle and anti-particle. These imprecisions are given, in
agreement with methods previously used (Papp, 1973b), by the imaginary
parts of the corresponding time-operator averages in respect to the single
particle and single anti-particle amplitudes, respectively. Thus

2
5r9=Im ¢+, 5| T+, ) =< ~ .19
: 2P1"Po /i)
for the D field and
f’l’lo2
§7=1Im (HT, ()4 == (5.15)
201°Pa

for the K-G field, where the particle amplitudes have been normalised to
unity. The time imprecisions of the particle and anti-particle states are identi-
cal and also possess the same form in D and K~G fields.

Evaluating the real part of the time-operator average in respect to state
(5.1) one obtains

0
Re {(+, —, slﬁ“ﬁs)(t)lt —, 5= -2<? —arg f(py, S)> (5.16)
1 971 )
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This result means that the free evoluting particle-anti-particle pair could be
formally considered as an object of the time-measurement, with the imprecision
given by

2
—Im+, —, 5|7 OO+ —, 9= Zng > (5.17)
P1°Po/ (s

But the form of relations (5.16) and (5.17), and especially the presence of
factor 2, recognise that the objects of the time-measurement are in fact the
free evoluting particle and, respectively, the free evoluting anti-particle. A
similar discussion is also valid for the K-G field.

Calculating the matrix element of the /{*) operator between the particle-
anti-particle state |+, —, 5} and the vacuum state |0), one obtains, using
expression (5.8), the result

B9 =i+, - s|T®0 = > 5.18
2p1p0 (s) ( )

The above average does not depend on the phase of the f(p,, 5) amplitude
or on the time parameter z. In these conditions the existence of an interaction
supporting the pair annihilation process may be implicitly assumed. We are
thus able to interpret the average {mo/2p Do) as the imprecision of the time
measurements due to the virtual existence of the pairs annthilation process.
Such a process arises, for example, in the fourth order approximation of the
elastic particle-anti-particle collision-process. Consequently, the above im-
precision becomes operative at the threshold energy (velocity) of the inelastic
particle-anti-particle collision process. In this respect the threshold velocity
has necessarily, to be attributed to the pair annihilation process and also to the
subsequent production process of other particles. The evaluation of such a
threshold veloc1ty may be obtained in the usual manner, attributing to the
constant 7/2mgc? the role and meaning of the natural time unit in respect to
the imprecision {0 /2p 100 ).

Commencing with the ineguality

Mo 1
= 5.19
<2P 1po>(s) 2mg ( )

we may conclude that the threshold velocity investigated is identical with the
previously encountered velocity vy = [V(5) — 11/2 c. Atiributing, by virtue
of point (f) in the prevmus paper (Papp, 1973a), the imprecision meaning also
to the expressions 2,81 and 28 ), one obtains

1
() Sy =Yt V10 -1 O) c=072lc  (5.20)

<2P 1Pe/(s) ng

Mo 1 _Van-1 7)
2 =, <o = c=0781c (5.21
<?-Z?zpo 2mg ' o= ( )
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where the velocity on the right expresses the upper velocity for which the i in-
equahty on the left is fulfilled. One would expect the threshold velocities v(y)
and v(l) so obtained to describe some deep inelastic peculiarities of the particle-
anti-particle collision process.

The annihilation time imprecision of the K-G field may be similarly defined
as for the D field, thus obtaining the result

~ -~ 1
Bi=—i(+, |1} 0= ——> (5.22)
2po

Contrary to the D field, only the imprecisions %E 1 and 251 are able to define
a threshold behaviour:

3/1 1 V(5)

D > =y y< ~()-745 5.23
<2p0 2mo o 3 ¢ ¢ (5.23)
V(3)

S ~ (-866 5.24
<2p0> 2mo i< 2 ‘ ‘ (24

The ‘annihilation’ time imprecision (1/2pq) so obtained expresses, besides
the imprecision (mo?/2p o), a contribution at total time imprecision. Con-
sequently, for the K-G field, the total time imprecision contains the time-
imprecision contribution of the free-evolution process and also the time-
imprecision contribution arising from the virtual existence of the pairs
annihilation processes. In this respect a well-defined meaning may be attributed
to the total time imprecision.

The imprecisions of the proper-time measurements implied by the pairs
annihilation processes may be similarly obtained. Indeed,

FO = 5.25
<2 >(S) ( )

for the one-dimensional Dirac field and
Bi= g

for the j-dimensional K~G field.
Actually only imprecision 2{p/2p4? Xs) implies the existence of a threshold

velocity:
V(2)
wp<vg=—"¢ 5.27
<2p0>(s) Ty A (5.27)

whose meaning will also be subsequently analysed.

j=1,2,3 (5.26)

6. The Resonance-Emission Approximation of High-Energy
Particle Production Processes

We shall now prove that the virtual photons assumed to appear as a result
of the particle-anti-particle annihilation processes and are able to support—at
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least qualitatively—the existence of certain resonance emission processes.

Indeed, for the D-particle-anti-particle annihilation process, a ‘hard’ photonic
emission should assume to appear starting with the threshold velocity v(qy. On

the other hand, at that threshold velocity, the annihilation imprecision
{mq[2p1Po) s fulfils its role as a natural unit. As a consequence (Papp, 1973a)
this time imprecision becomes a unit respecting the interaction time-shift.

d Mo
—8(p) =N~ 6.1
dpo 2 2pipo 6D
where NV is a parameter. Consequently
N 14!
& =—arctg— .
()= artg - (6:2)

where the initial condition §(0) = 0 has been considered. Performing the high-
energy approximation

Nm NmO
tg & &t 6.3
-, 63)
one obtains a Breit-Wigner resonance, expressed by the pole
22 8N
p@ =2 Mo So (6.4)

PN +16  mN?+ 16

which produces in the complex energy plane, a resonance having, e.g. for

N =4, approximately the energy pS’ 2 1-3mq and the width T/2 2= 0-1my.
Similarly, considering the K-G time imprecision {1/2p¢) as a unit in respect of
the interaction time-shift, one obtains the phase-shift evaluation

N Ppo
8(py) 3 In e (6.5)
Performing the previously used high-energy approximation of the logarithmic
function, results in the existence of a resonance given by the complex energy
pole
r an? 4N

pg)wl—z‘zmmo~lmmg (6.6)
Taking NV = 4 one obtains p$) = 1-6mq and I'/2 2 0-8my.

The high-energy behaviour implied by the D-annihilation proper-time im-
precision (p,/ 2p02>(s) is, within the same approximation, identical with the one
above. Indeed, the imprecision {p,/ 2p02)(s) expresses the standard form of the
space imprecision corresponding to the time imprecision (1/2pg)(). Con-
sequently the imprecision {p,/ 2p02)(s) has to fulfil the role of the space unit,
thus obtaining the phase-shift evaluation (6.5). In agreement with the above
results, we may consider that the possibility of the annihilation and of the
subsequent production processes and also the threshold behaviour may be
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qualitatively stated. We must also mention that besides the existence of the
resonarnce emission the possibility of the so-called radiative coherent emission
(Horn & Silver, 1970) has to be taken into consideration.

In these conditions some explanation may be given to the high-energy
annihilation-production processes A* + 4~ -~ B* + B~ + other particles or
A"+ A~ > 2B + other particles. Using energy conservation law we may express
the threshold behaviour of the above processes, defining the upper value of the
rest-mass of the produced B-particle (m$ ) = m$¥) by the threshold energy
of the incoming A4-particle. In this sense the rest-mass upper bounds, corre-
sponding to the threshold velocities vy, vy and vy, are given by

m® < povgry) = 1272m, 6.7)

mP) <po(vgyy) = 1443mg (6.8)
and

m®E) < po(viyy) = 1600m, (6.9)

respectively. As a consequence, the possibility of hadronic production pro-
cesses, e.g.

mP <1191 MeV, p+p—2%,  ZT+3- (6.10)
mBI<1354 MeV, p+p-25, 235, ZF+Z (6.11)
mEI<1501 MeV, p+p->2%, 20, T +Z  (6.12)
is explained in this way also. On the right are the inelastic reactions which are
compatible with the upper rest-mass calculated on the left. The presence of
other particles has been neglected.

Significant results referring to the high-energy behaviour of the colliding
K-~G particles may also be obtained. The upper rest-mass bounds corresponding
to the threshold velocities [v/(5)/3]¢ and [v/(3)/2]c are given by 1-5mq and
2mg respectively. In this way is explained the threshold behaviour of the high-
energy pionic production reactions

Tt w37, (6.13)
and
R Sl R N a7+ 2w, 4, (6.14)

respectively. Other similar cases may also be considered.

Further developments of the above interpretations may be obtained, per-
forming a more exact and complete systemisation of the experimental data
and using more refined and improved approximations.

7. Quanto-Mechanical Peculigrities of the Coulombian Interaction

Under the conditions of which the existence of a charged particle and anti-
particle is considered, the presence of the electromagnetic interaction and
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particularly the presence of the coulombian interaction is implied. Proving
that certain aspects of the threshold behaviour implied by the imprecision
description of the potential energy of the coulombian interaction are related
with the threshold behaviour of the previously analysed time annihilation
imprecisions, it may be assumed that certain responsibilities of the high-
energy behaviour of the annihilation processes may be attributed to the
‘coulombian’ interaction.

For this purpose we shall consider the collision system of the electrostatic-
ally interacting particle-anti-particle system. Generally the attractive coulom-
bian interaction of two charged particles of the same rest-mass may be described
within the same framework. We shall consider for convenience the wave-packet
description of a K~G particle-anti-particle pair. The calculations are similar for
the D particles. The plane-wave product corresponding to the free moving par-
ticles takes in the centre-of-mass system (Blohinzew, 1970) the form:

exp i(py . 1 — pP0) exp i(ps . 1, — pPD) = expi(P .t~ Pot)  (7.1)

where r = r; — Iy, p is the centre-of-mass momentum and o = 2(p? + mo?)2.
With the coulombian interaction being a long-range interaction the incoming
and outgoing states describing the elastic particle-anti-particle collision process
are only approximately free states. In order to state the free evolution, the
coulombian interaction potential e%/r has to be replaced, for example by

e*/r exp (—er), where € > 0. We may now suppose that at large ¢-values the
evolution of the collision system is described, in the first approximation order,
by the free K-G wave packet

dp
V(250)

In this approximation, the average value of the potential energy may be

defined as
62 e 1
<;>= e’ (sp(r, 1), i0; " o(x, t)) (7.3)

where ¥ = |1|, t > 0, and where the wave packet has been normalised to unity.
It may be stated that within the above conditions there is no possibility of pro-
ducing an adequate imprecision description of the potential energy. We shall
bypass this difficulty which requires certain mathematical conditions to guaran-
tee the possibility of solving the imprecision evaluation problem and especially
the evaluation problem of the binary potential energy operator in the
momentum representation.

In this respect let us consider that the form factor a(p) takes the particular
form

o= 0r) P | 2B ap) exp o 1 o) (7.2)

d(p)=i‘a(;?)f(9,s0) 7.4)
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where
1, g &pE@g
6, ¢)= ’ i (7.5)
f( ) {0: 8, 14 gg@,@
and where 9 , expresses a certain domain defined by
— &80 + 680
%M:{e,‘pﬂz <0<"S7, 0<p<ty (7.6)

The angular parameters 86 and ¢ will be chosen to take sufficiently small—
but non-zero—and equal values. Using the first-order §8-approximation it may
easily be proved that the average of the momentum components with respect
to state (7.1) are

5
(P =, (p2)=—2£(p)”~"0, (P =0 (7.7

so that, as one would expect, the form-factor (7.4) has to be associated with
the collision products scattered along the Ox-axis. (In this way the one-
dimensionality condition which is needed to perform the binary time descrip-
tion and also the proper-time description of the D field has been, at least
approximately, reproduced). As the wave-packet form-factor is influenced by
the measuring apparatus, a certain experimental situation has been established
by virtue of the particular form of expression (7.4). The measuring apparatus,
which is intended to record the charged particles scattered outside the
momentum-space domain @g"p, become inoperative. Consequently the observ-
able of the potential energy which is able to support the above experimental
situation will be effectively chosen as

~2
Ve 0,9) =~ 0. ¢) exp (~er) (7.8)

where € expresses the effective charge parameter. The function (8, ) is simi-
larly defined in relation (7.5), but actually
~ 756 7+380
@0,90 = {9, '}

<0< ,0<¢<%} (7.9

where 27 = ¢ > 86 and where the angular parameter 56 takes vanishingly
small values.

Performing the calculations in the first-order 89- and §6-approximations,
it may be proved that

@, o
J.drf(r(p)expz(p—p 'r:ﬁgé—(p—p')})p_—-; (7.10)
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where the modulus [p — p'| has been replaced by the difference (p — p'). In
these conditions we finally obtain the evaluation

Q/eff(r, 0, <p)>= n (E%g—)2<~ip —ip? %> (7.11)

where 1 = ¢,/66 > 1 and where the average on the right is performed in the
p-momentum representation. The relations

1 - '
lim P sexpi(Po— Po)t=—inS(p—p) (7.12)
t—>r+too p - p
L 5o~ p') = 262~ )P — (7.13)
dp i '
and
r —€r o ’ 1
fe sin(p—-py=P—— (7.14)
] p—p

have been used. We shall now establish the value of the effective charge requir-

ing that
o 1\ 2@
e-—A/(n) 50 ¢ (7.15)

Generally the meaning of the above relation has to be analysed in terms of
the corresponding é- and e-charge distribution functions. On the other hand,
by means of relation (7.15), the existence of a ‘discrete’ space described by
the parameter # and also by the momentum-space imprecision 80 is effectively
introduced into the collision description formalism. It will be subsequently
proved that the above choice is the suitable one.

We are now able to define the effective potential energy operator in the p-
momentum representation as

d
1=—ie®| p +p* — 7.16
0= —ie (p p dp) (7.16)

Applying the space-time imprecision evaluation methods and averaging for
this purpose the operator # with respect to the energy representation state
[V(po/p)la(p), it may be easily proved that the electrostatic potential-energy

imprecision is
p
§Wy = my2e? <2p02> (7.17)

In agreement with binary description formalism we may also choose, for con-
venience, the expression u = 28y as the operative imprecision. On the other
hand if we assume, as usual, that the form factor a(p) takes appreciable values
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only in a relatively small vicinity of the {p)-average, the average (7.11) takes
approximately the form

82

1 /d e?
(7Y N e e e = —— 7_18
@y 355 \ap arg a(p)> N(v)) P (7.18)

where 85 = {1/2p) expresses the total space imprecision and the function

N({v)) the multiplicity of the collision space-shift {(d/dp) arg a(p)? with respect
to the total space imprecision. As the total space imprecision actually possesses
the meaning of the effective space unit needed to ‘measure’ the interaction
space-shift, it appears possible to attribute the role of the electrostatic energy
unit to the expression

32

48

8l = — =LmgeXv)(1 — (0)?)" 2 (7.19)

vl

The necessary conditions needed to assure the measurable meaning of the
space-shift and of the potential-energy average (7.18) are given by N({v)) > 1

and
NN > e2mpp (2 (7.20)
48% (;2

respectively, so that both conditions are fulfilled only when (v) < [+/(2)/2]¢
(see also Jaffe & Shapiro, 1972). Consequently the coulombian interaction
loses its observable meaning for velocities larger than the threshold velocity
[V(2)/2]e, also when 6§ < 8%. This threshold velocity also expresses the
velocity value for which the Su-imprecision and the 8#-unit take the commeon
value

o . € 2 £
) u=m=moe “'2% (7.21)
where 6% expresses the natural space unit. In connection with the above
results, we are able to state expression (7.21) as the natural unit of electro-
static potential energy. Requiring the (i )—average to be larger than 45(1)y, it
results that the coulombian energy possesses a well-defined measurable meaning
when (v) <(v/3/2)c.

In the previously formulated interpretations we should have to consider that
the natural unit expresses the lower §u-imprecision value up to which—as a result
of the appearance of the inelastic effects—the colliding products maintain their
initial individuality. In this respect it has been implicitly assumed that a low-
energy domain of the form (0, W< ¢) exists in which the imprecision is
larger than the natural unit. But actually % > 6u, when (v) < [v/(2)/2]¢
and () > [v/(2)/2]c respectively, so that additional interpretations are needed.
Indeed, up to velocity [+/(2)/2]c the coulombian interaction maintains its
initial observable significance. This fact means that the low-energy annihilation
process A* + A~ > 2 is only apparently ‘inelastic’, because there also exist the
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possibility of the pair-production process 2y -~ A” + 4™, The existence of com-
petition between the above processes may also be assumed. On the other hand.
for velocities larger than [+/(2)/2]c, properly inelastic effects arise. In this last
case the inelastically emitted photons—which have to change the initial signi-
ficance of the coulombian interaction—are able to support new particle pro-
duction processes. Consequently, up to the threshold velocity [+/(2)/2]c, one
would expect the existence of a virtual or “elastic’ photonic emission process,
whereas the properly inelastic photons have to appear only for velocities larger
than [v/(2)/2]c, when the role of the Su-imprecision becomes operative.

In such a situation—and generally in similar conditions—the observable
meaning of the coulombian interaction has to be directly expressed in respect
of the natural unit 8. Indeed, considering that the electrostatic potential
energy is able to possess a measurable meaning only when

32

48%

2
N(<v>)f5;~> (7.22)

where N((v)) > 1, one reobtains the threshold velocity [/(2)/2]c. Thus, the
consistency of the above interpretations is proved. It may also be verified that
the threshold velocity [v/(2)/2]c does not depend on the choice of discrete-
space parameters n and 60.

One can now easily remark that the threshold velocities (1/3/2)¢ and
(V/2/2)c are identical to the ones of (5.24) and (5.27) respectively. It may
easily be proved-neglecting the threshold velocity v(;y = [v/(5) — 1/2] c—that
the values taken by the 8#-unit (and the Su-imprecision) for the remaining
previously calculated threshold velocities are relatively adjacent, and may be
mutually covered within extended binary equivalence. In these conditions we
may conclude that a mutual connection between the threshold behaviour of
the pairs annihilation processes and the threshold peculiarities of the (effective)
coulombian interaction may at least be qualitatively established. We should also
state that the threshold velocities defined in Section 5 are not operative with
respect to the electrons. Indeed, there are no (known) particles whose rest-
mass value is included in the interval (g, 2m,], where my is the rest-mass of
the electron. In such conditions, a further suitable threshold velocity, taking
sufficiently large values, has yet to be defined. For this purpose, as we shall
prove in the following section, the existence of a separate natural unit of space
will be introduced.

8. The Natural Electromagnetic Space Unit

The effective unit 8% mathematically, is, an unbounded increasing function
of the velocity. For this purpose certain limitations may be imposed on the
unit requiring that

488 < moc? (8.1)
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In this respect, we mention that an effective unit becomes physically meaning-
less when it takes too large values. With the entity 8if also being generally an
energy unit, the above inequality is needed in order to preserve the possibility
of performing energy measurements.

As a consequence

2
8§ >

8.2
P (8.2)
so that a new lower bound has to be imposed on the total-space imprecision.
In this way the classical electromagnetic particle radius

82 2

e

semy = = — §% 8.3
moc®  fic 8-3)

may be defined, in terms of the quanto-mechanical imprecision description,

as the natural electromagnetic space unit. Setting 6§ = § ™, results in the

existence of an ‘electromagnetic’ energy-threshold given by

2.2\1/2
p&™ = moc? (1 + e =2 13Tmqc? (8.4)
and also the existence of a new threshold velocity given by
&t ~1/2
pem) = (1 +—2—2) ¢ =2 0:999974c (8.5)
hc

which possesses the order of magnitude needed to explain qualitatively the
deep inelastic electron-positron production processes. The imprecisions 385
and 285 imply approximately the energy thresholds 225mqc? and 274mi,c?
respectively. This latter threshold energy allows the existence of the extreme
high-energy inclusive reaction e + e~ - pions, which has recently been taken
as evidence (see e.g. Bacci ez al,, 1972). It may also be remarked that the
natural electromagnetic space unit is approximately equal to the double value
of the pionic natural space unit ﬁ/mf)")c. By virtue of this coincidence one
may assume, at sufficiently high energies, the possibility of certain co-
existence effects between the electromagnetic and the hadronic structure of
the matter. It may now be proved, in agreement with previous results, that
such an assumption is physically meaningful. Indeed at sufficiently high
energies the coulombian interaction loses its observable meaning and is, in
fact, substituted by other interactions, particularly by the strong interaction.
In this sense we have to understand the previously formulated assumption that
only certain responsibilities of high-energy particle production processes may
be attributed to the ‘coulombian’ interaction.

We may thus conclude that, in order to explain high-energy annihila-
tion processes, and especially the extreme high-energy electron-positron annihila-
tion process, the existence of the natural electromagnetic space unit is needed.
In these conditions, as a consequence of the fact that 5©™s >~ 11-5%, we find
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the existence of a relatively large threshold-energy ‘gap’ between the threshold
energy 2m, (which is the largest threshold energy calculated in Section 5) and
the threshold energies calculated above.

For instance, the existence of the gravitational interaction has been neglec-
ted. The imprecision description of the gravitational interaction is, up to the
coupling constant, identical to that of the coulombian interaction. Consequently,
in order to obtain the imprecision description of the gravitational interaction,
the fine-structure constant e*/fic has to be substituted by the gravitational
coupling constant g(mg2/fic). The value of this latter coupling constant is
practically negligible with respect to the fine-structure constant. In fact the
gravitational interaction loses its observable meaning at the same threshold
velocity of [/(2)/2]c. The ‘gravitational’ space unit is given by g(mo/2c?), so
that the ‘gravitational’ threshold velocity takes the form

2 4a\-1/2
U(grav).__ (1 +g Mo ) c

#2c?
which is practically identical to c.
9. Conclusions

Using imprecision description methods we have analysed some qualitative
and quantitative aspects of the threshold behaviour implied by the existence
of the time- and proper-time imprecisions associated with the D and K~G pairs
annihilation (and subsequent) production processes. It is significant that
threshold behaviour is able to be supported, at least qualitatively, by the im-
precisions description of the elementary coulombian and gravitational inter-
actions. Thus the imprecision description formalism is able to elucidate in a
relatively simple manner profound peculiarities of the high-energy behaviour
of the collision processes. We are also able to consider that the essential physical
content of the imprecision description formalism consists of explaining the
role and meaning of the implied threshold energies or threshold velocities.

Qualitative and quantitative distinctions between the proper-time and time
descriptions of the D and K~G fields have been taken as evidence. Thus the
proper time is an observable which may be defined irrespective of the rest-
state or motion-state of the reference frame, whereas the time is an observable
which may be defined, along an arbitrary direction, only with respect to
moving particles. On the other hand, the imprecision associated with annihila-
tion processes is sensitive in respect of statistics, and the time- and proper-time
measurements respectively.

It has been proved that the extension of the binary description formalism
to the ‘matter’, and especially to the coulombian and gravitational interactions,
require additional mathematical conditions which effectively express the
existence of a discrete space. In this way, in agreement with opinions expressed
by Cole (1972), certain modifications of the actual concept of the electro-
static potential energy are implied. Finally we must mention that interpreta-
tions formulated throughout this paper, which are rather qualitative, are
liable to amendment and agreement with a more complete and systematic
set of experimental data required.
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